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A reparable-item inventory system has two sources of items to 
meet demands: from the procurement of new items, and from the re- 
pair of damaged or failed items. Further, the system contains two 
distinct inventories, one containing procured and repaired ready-for - 
issue items and the other containing those failed items awaiting repair. 
This thesis develops an approximate model of this general system 
assuming that the demand rate and return rate of failed items are 
probabilistic. A periodic review policy is assumed for procured items, 
and inductions of batches of failed items into repair are assumed to take 
place at regularly scheduled intervals of time. The model is structured 
as a single coordinated inventory system instead of two separate systems, 
one of procured items and one of repaired items. The optimal review 
period and ‘'order up to'' level for procured items are determined, alam 


with the optimal time between repair batch inductions. 
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TABLE OF SYMBOLS AND ABBREVIATIONS 


Ap - Cost to make one procurement. 
a - Set-up cost per repair cycle. 
B - Annual budget. 


f(x; t) ee Density function of the quantity of items, X, demanded 
170) ipiogaKe 15 


g(y,t) - Density function of the quantity of items, Y, repaired 
ancdereturnedare RFI, iM titer & . 

h, - Holding cost for ready-for-issue items. 

h, - Holding cost for non-ready-for-issue items. 

Jf - Cost to make one review. 

K - Cost of operating the inventory system. 

NRFI - Non-ready-for-issue. 

R - Procurement "order up to'' quantity. 

RFL, - That portion of ready-for-issue stock that was procured. 

RFI, - That portion of ready-for-issue stock that came from 
repair. 

S - Expected number of units backordered per unit time. 

at - Review cycle time, expressed in years. 

V - Number of units backordered. 

br - Average annual demand rate. 

y - Average annual return rate of repaired items to RFI, 

i - Fixed cycle time for return of reparable items to ready- 


for-issue stock. 
IT - Lagrange multiplier. 


T - Procurement leadtime, a2 given constant. 
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l. “INTRODUCGCHIG 


There are many ways of categorizing items in an inventory system. 
One way is to put all items into one of two areas, either reparable or 
non-reparable, In the military, due to:the*merire or its business, there 
is a large number of reparable=<type items thamecpresients a considerabile 
dollar inventory. Realistically, although an item has been classified as 
a reparable type of item, not all of a particular type that wear out or 
fail can be repaired. For example, the AN/PRC-6 radio is classified as 
reparable, but not all the AN/PRC-6 radios that fail or become inopera- 
tive can be economically restored to an operating condition. Because of 
ears, items must be procured from time to time to replenish the overall 
inventory system. Understanding this, one realizes that demands can be 
Saristied with items that are either procured or that have been returned 
to a repair facility and repaired. 

Many models have been formulated for the consumable-item inventory 
system. These models typically answer the questions of how much to 
procure and when to procure in order to minimize cost or shortages. 
However, when investigating a reparable-item inventory system, not 
only the questions of how much and when to procure must be answered, 
but also the questions of how much and when to repair must be answered. 
i@tirther, the Bee amapie item inventory system should be viewed as a 
system, rather than separate inventories of procured and repaired ready- 


for-issue items. 


The system discussed in this paper is reviewed periodically, anda 
procurement is made at the time of review. Demand, X, is a random 
variable with a density function f(x, t) over the period t. The procure- 


fiemteteadtime, 7 is a constant. Repaired items are returned to the 


Pp? 
ready-for-issue stock at fixed time intervals of 1}, and the quantity 
returned during a time t is a random variable, Y, with the density 
function g(y,t). Further, all backorders will be filled. 

If the criterion of minimizing total cost per unit time to operate the 
system were used, a shortage cost would have to be postulated. This is 
extremely difficult to do when discussing military items. How many 
dollars does it cost the government or the people of the United States if 
a tank, jeeerehter, or Submarine is imoperable due to the laigkecm, 

Spare part? Volumes of literature have been written attempting te 
answer this question, for example, Solomon, et al [5]. However, no 
one has yet provided a satisfactory method for assigning shortage costs 
for military equipment. For this reason, the chosen criteria is to 
minimize the number of units backordered, subject to an operating cost 
budget, and hence avoid postulating a shortage cost. This assumes that 
the problem of optimally segmenting an operating cost budget for an 
inventory control point into separate operating cost budgets for each type 
of item managed by the inventory control point is possible and has been 
accomplished. 


This model is an approximate approach to the constrained periodic 


review system as described. The objective is to determine the optimal 


10 


order up to level R for procurement, the optimal review period for 
procurement, T, and the optimal repair cycle time, 7}, such that the 
average number of backorders is minimized while maintaining the cost 


of operating the system less than or equal to the yearly budget. 


i] 


iat 


2. MODEL FORMULATION 


2.1 General 

The on-hand inventory of ready-for-issue (RFI) stock may be viewed 
as two separate inventories, one consisting of all procured RFI items a 
the other consisting of all repaired RFI items. We may consider that all 
demands during 7 are filled by the RFI stock of repaired items (RFI, ) 
until it is depleted. At that time, demands are then placed on the pro- 
cured RFI stock (RFI, ) until the end of the time period 1]. At the 
beginningsot the next time period j| , we receive a variable quantity son 
items for RFI,» and the process starts over. Figures 1 through 3 


mt 


portray this process and the accumulation of the non-ready-for-issue 
(Nini Renee the notational be wemoduced ee. 

In order to minimize the expected number of units backordered, 
subject to a budget constraint on operating ont ‘the total variable oper- 
ating cost per unit time must be determined. The acllesaet components 
of the variable cost per unit time needed to be determined are: 

(a) procurement order cost; 

(b) review cost; 

(c) repair set-up cost; 

(d) NRFI holding cost; 

(e) RFI, holding cost; : 

( f) RFI, holding cost. 


The following subsections develop these costs, the sum of which is the 


total variable cost per unit time. Then, the expression for determining 
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the expected number of units backordered per unit time is developed. 
With this information, a solution to the problem may be determined. 

The formulation throughout is approximate, rather than exact. Inventory 
holding costs and set-up costs are determined by treating the expected 
values of random variables as parameters. The expected number of 
units short per unit time expression treats the random variables in the 
proper manner, but is only approximate for reasons which will be dis- 


cussed when the expression is developed. 


2.2 Order and Review Cost 

In the description of the inventory system contained in the introduction, 
it was assumed that a procurement order was placed each time a review 
was made. The cost associated with placing one order is A_. Since the 


A 
review cycle is of fixed length, Tyethe order cost per unittimeds 





ij 


— ie > 2 
Similarly, the review cost per unit time is Tr 


2.3 Repair Set-up Cost 
The repair set-up cost per time period 7 is AR . Therefore, Une 


A 
repair set-up cost per unit time is 





2.4 NRFI Holding Cost 


The dimensions of the NRFI holding cost, h are dollars per unit 


2 3 
year. Therefore, the unit years of stock held in NRFI inventory must 
be determined. Figure 3 portrays the NRFI inventory level over time. 


The average annual return rate of repaired items is y. Since ] is 


expressed in years, the expected height of each triangle is Ty units. 
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The expected area of each triangle is then ul = The total number 
2 
of unit years of NRFI held for the review period is ul = times the 
number of cycles of length 7] in one review period, = . Hence, the 
holding cost of NRFI per review period is 
a eee 
ak 2 z 7 


Dividing by T yields the holding cost of NRFI per unit time: 


h, NY 
HGwe aa a ° (1) 


d 


Zz. 5 RFI, Holding Cost 


The dimensions of RFI_ holding cost, h 


R are dollars per unit year. 


l 3 
Hence, to compute the RFI, holding cost per unit time, the unit years 
of stock held must first be computed. Items are demanded at an average 
annual rate of x items. In the determination of NRFI holding cost, it 


was seen that the average number of items put into RFI, stock per Jj 


R 
was Tly. Because all items that are damaged or worn out cannot be 


repaired, we would normally expect the quantity demanded to exceed the 


quantity repaired. This information is portrayed in Figure l. 





The average amount of time, ty , that Ny will fill demands is Vy 
x 
Thus, the holding cost per 7 1s 
: z Zoe 
h, Nyt h 1 y 
] ] l 
BO eS ; 
q é 2% 
and the holding cost per unit time is 
Lez 
hy 
HC = = —_ . (2) 
aX. 
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ag RFI, Holding Cost 


Again, because of the dimensions of the holding cost, h the unit 


l b] 


years stocked must be computed. Rearranging the information in 
Figure 2 and including a buffer level, which is normally desirable when 


dealing with probabilistic demand, the RFI_ level may be portrayed as 


le 
shown in Figure 4. 

The inventory position, defined as the quantity of items on hand plus 
on order minus backorders, at the time a review is madeis R. A 
time Tp later, all units on order will have arrived and the inventory 
level will be R less the leadtime demand. The expected Teadtime demiamg 
is Tp (x - y). Just prior to the arrival of the next procurement, one 
review period later, the inventory level will have decreased an amount 
equal to the period's demand. Hence, the inventory level just prior to 


the arrival of the next order is R - Tp (x - y) - T(x -y). 


From the preceeding discussion of the RFI, holding cost, it was 


noted that 
ey 
1 x 
and 
| ge ey) 
2 x 
Hence, the area of aa is 
2a ji 
x - T (x a y ) 
0 2% 
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During each period of 71, the average number of items demanded upon 


RFI, will equal the average number of demands that RFI, could not 


satisfy, which is 1|(x - y). Therefore, the average height of each 
step in the step function in Figure 4 is 7j/(x - y). 
Each A. 1 2) eae 7 , will be the product of its height 


times t . Dinas 
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A, = (T(R-¥) - 2k - 7] 4 
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and, in general, 


= [ Tae a) - Geen (= 2) ee 


- xX 
The area of the buffer is 


A = [TR - 1h(%- 9) - T(R- HIT 


The total area, A, , is determined by summing the various areas: 


the area of the triangle, A; the buffer area, A, ; and the areas of the 


0 be 
At ; 
rectangles, A., i= 12 ee “ . Using the relations 
N 
& P= PN 
j= 1 
and 
N 
N(N + 1 
BF ( ) 
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the total area Aw may be determined to be 


Sey, + ee T(x - y) 


a 
tN 
ml i 


One notes that the upper limit on the summation of the A.'s is = 
This point may be questionable since there is no guarantee that = will 
be an integer. However, if 7] is small compared to the review cycle, T, 

: : ak : er 
the error from considering = as an integer is negligible. 
The holding cost of RFI, per review period is then h, A_ and, 


| oC 


dividing by the review period T, yields the holding cost per unit time. 


(k - ¥) (NY - TR - 2% 7) 
ee a | (3) 


Additionally, there may be some question as to whether or not the 

holding cost should be modified to account for the unit years of items 
backordered. Because this is an approximate model, we ignore this 
term. In light of the objective of this paper, this assumption is only 


valid when the budget constraint is not too restrictive. 


2.7 Units Backordered 


A procurement order placed at time t will arrive at t + Tp » 


and the next order will arrive at time t + Tp + T. ‘At time t, after 


the order is placed, the inventory position is R. The next time the 
inventory position reaches R is at time t + Tp + T. Hence; eshoreaees 
will occur if the demand on RFI, during Tp + T exceeds R. The 


number of units demanded on RPI, is X - Y. Let the random variable Z, 


2) 


with density function h(z,t), equal KX - Y. Now, the number of units 
backordered, V, is 


0 Mt BZ SR 


ref 


Hence, the expected number of units backordered per unit time, denoted 


Z-R A ee 


s= = f (Ze ame) h (2, 


lel CZ : (4) 
i R 


RP 


on 


This expression only accounts for the expected number of units back- 
ordered at the end of the time period Th + T, and hence is only an 
approximation to the true expected number of units backordered during 
Th + T. It does not consider the possibility that units may be back- 
ordered at the end of each time period 7, and then filled by the input 
of repaired items into RFI, . This possibility has been neglected since 
it is assumed that if this occurs, the number of items backordered and the 
length of time they are backordered are negligible. The duration of such 
shortages is only a fraction of 1] , which is assumed to be quite small. 


It should be noted that if the budget constraint is very restrictive, this 


assumption becomes unrealistic. 
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3. SOLU TPEGN 


As stated previously, the total variable operating cost per unit time 
of the system must be determined in order to minimize S, subject toa 
budget constraint. The variable cost per unit time, K, to operate the 


system is the sum of the various costs previously derived. 


e- 2 = ee 
7 aT 7 2 
(yey) (TR 2d ye 
+ h [R 4 (5) 
1 2% 


Because demand is probabilistic and the most commonly used functions 
to describe demand do not have a finite upper bound, one would normally 
assume that the budget constraint would be active. 

Assuming that the budget constraint iS wetive, the normal method of 
solving the problem is through the use of thé Lagrange multiplier, “Te 
general Lagragian equation is 


L = S&S telex = 3) 
The solution comes from meeting the following conditions: 


oL aL ape 
——a OO. ee ee) eee 
all aR aT 3 7 


First, we will determine the optimal value of 7) by solving the 


3 L ; 
— = Q equation for , 


aL 
ee SO = 0 
37 . 


Vg 


and thus 








wT ae 10 tre ewe 39h 
3 7 I 37 
From equation 4, we note that S is not a function of 1); hence, — = JO 
| KC | 
From equation 5, we see that = is 
a z 
oe 2 , Bi * ®! 
5 J 2 2 
: 1 
Solving the <i =.0 fo#l) yields 
2h, 1/2 
R 
= | ————__ a ; (6) 
y(h, + h,) 


Next, we shall look at the condition a 0. From the genera 


al 
/ aL ly. 
Lagragian equation the ST = K - B. This implies that K = B. 


Hence, solving K = B for R asa function of T yields 


a, : (A, + J) “ me dsc] 
- h, [ i ‘il ~ a 2 
(x - y) (Tx + 2xT_) 
a Se ss (7) 
2x 


To determine the optimal values of R and T one could solve the 





an = 0 and the = = 0 simultaneously with equation 7. However, 


3 

it is quite easy to solve by selecting several values of T, computing the 
associated values of R from equation 7, and then determining the values 
of S from equation 4 using the values of R and T. Throughout these 


computations, the optimal value of 1] should be used. AplotofS 
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versus T may then be made to indicate the value of T that minimizes S. 
With that value of T, equation 7 is then evaluated for R. 

The interpretation of the Lagrange multiplier, [I], is that it represents 
the decrease in the expected number of units backordered per year for 


a unit increase in the budget. The value of [IJ may be obtained from the 








solution of the 2s = 0. This yields 
| 7 h(z, tT. + T) dz (8) 
- 7 
hy R le 


After obtaining the optimal values of R and T that yield the minimum 
expected number of units backordered, I] may be evaluated from 


equation 8. 


(es) 


4. EXAMPLE 


The following example is used to demonstrate the nature of the 
solutions presented by the model, and to explore the trade-off between 
procurement order and review costs and holding costs. 


Let demand and the quantity of items returned to RFI_ be normally 


R 


distributed with means of 1,000 units per year and 900 units per year, 
and standard deviations of 30 units per year and 50 units per year, 


respectively. Procurememmpleadtime, 7 is .5 years. The relevant 


P 3 


costs are: A, = 51 50m Ap = S100 aw — GeOUr hy = $200, and 


ho = $20. The two random variables, X and Y, are assumed to be 
independent. Also, demand during T is independent of demand during 


T and the quantity of items returned to RFI, during T is independent 


Pp ) 


se 


of the quantity of items returned to RFI_ during Tp Therefore, the 


R 
random variable Z is normally distributed with mean 100(t 


1/2 


p + 

and standard deviation equal to [ (T + T) 3400 | 
Let B = $20,000. Following the procedure outlined in section y 

the first step is to determine 7}. Evaluating equation 6 yields 

= 3. eee - years, which is approximately 12 ae. Next, we solve 

equation 7 for various values of R for selected wales of T -i 

T = .1 years, R = 73 units; if T = .5 years, R = 153 units) ame 

if T = 1 year, R = 163 units. Next, using these values of R and T, 


determine the associated values of S. For this example, the general 


solution of S is 
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s= a [oe (===) 4 (2 - Re (==*)] 








fe) O 
where 
2 
ie 
l a2 
Q(r) = e ' 
V2qI 
6(r) = % (x) dx 
J, 


and z is the mean of Z, and oo is the standard deviation of Z. 


The associated values of S are as follows: 


a? R S 
tel 73 123 
0.5 133 21 
1.0 163 22 


From plotting these values, we see that the minimum S occurs near 
im =".& years. Evaluating R'for™P) = -7;, .6,;, and .9 years and evalu- 


ating the associated values of S, the following results were obtained. 


An R S 
OT 146 21 
0.8 hays 20 
0e9 158 (aya 


Thus, the minimum expected number of units backordered per year is 20 


when the review cycle is .8 years, the procurement order up to level is 


Za 


152 units, and the cycle time for the receipt of repaired items is 

3, 1 Sealant ; years. The Lagrange multiplier, J], may now be evaluated 

from equation 8. This yields ]] = 2.31x10 i units per dollar. 
Various budget levels were considered to investigate the changes in 

the expected number of units backordered per year, S. The results 

are tabulated below. The mean demand during Tp + T, denoted as x, 

and the expected number of units backordered per review period, de- 


notedas §S are also shown. 


am b 


“a 


mau 
YN 


B T mt 


$10, 000 4.0 276 450 45 180 
ies, 000 ves) 133 140 OS Se 
$20, 000 0.8 152 13.0 20 16 


The cost to operate the repair side of the system per year, witha 
review and procurement order costs, is approximately $6,000. With 
this budget level, the expected number of units backordered per year 
is 100. When the budget is increased to $10,000, the review cycle is 
very long because it is profitable to put the majority of the additional 
money into holding procured items, instead of sustaining the high procure- 
ment order and review costs frequently. As the budget is increased to 
$15,000, the review cycle decreases to .9 years, indicating that the 
system can afford to review and order procurement more often in order 
to achieve an economic balance between ordering and reviewing and 


holding costs. ‘An increase of the budget by one-third to $20,000 yields 
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only a slight decrease of the review period to .8 years, th@meby aur sae 


most of the increased budget into safety stock. 








5. SUMMARY 


We have discussed a reparable-item inventory system with random 
demand. A periodic review policy was assumed for procured items, 
while inductions of carcasses were assumed to take place at regularly 
spaced intervals, As the accumulation rate of NRFI carcasses was 
assumed random, the repair batch sizes were also random. The ob- 
jective was to determine the optimal procurement review period T, 
the optimal procurement order up to level R, and the optimal repair 
time period 1], in order to minimize the expected number of units 
backordered per unit time, subject to an annual operating budget 
constraint. The model developed is an approximate model. The solu- 
tions presented are sensitive to the assumptions that 1] is small com- 
pared to T, and that the expected unit years of items backordered are 
small. Obviously, the model is also sensitive to the restrictiveness of 
the budget constraint. 

As discussed in the introduction, the purpose of minimizing S sub- 
ject to a budget constraint was to avoid postulating a shortage cost. 
However, even though a shortage cost may not be stated by a decision- 
maker or an item manager, it is implied as soon asa Specific operating 
budget is established. We noted in section 3 that [], defined as the 
Lagrange multiplier, may be interpreted as the decrease in the expected 
number of units backordered per year for a unit increase of the budget. 
Therefore, = is the shortage cost, which would yield the same decision 


rules if the more common criteria of minimum cost per unit time were used. 


oO 


REFERENCES 


[1] Hadley, G., and T. M. Whiten. Analysis of Inventory Systems, 
Prentice-Hall, 1963. 


[2] Hatchett, J. W., and P. Hy McNall.” “Asx epairablemitenm 
Inventory Model'', Master's Thesis, Naval Postgraduate 
School, Monterey, California, October, 1966. 


[3] Hoekstra, D. ''Supply Management Models for Repairable Items", 
Inventory Research Office, U. Saearmy Supply and 
Maintenance Command, Frankford Arsenal, Philadelphia, 
Pennsylvania; a paper presented at the Fifth U.S. Army 
Operations Research Symposium, Fort Monmouth, 

New Jersey, March, 1966. 


[4} Schrady, D. A. "A Deterministic Inventory Model for Reparable 
Items'', paper to appear in Naval Research Logistics 
Quarterly. 


[5] Solomon, Fennel, and Denicoff. ''A Method of Determining the 
Military Worth of Spare Parts'', Logistics Research Project, 
George Washington University, T-82/58, Washington, D.C., 
Apr 195s: 


eT: 


,, INITIAL DISTRIBUTION LIST 


‘ a = No. 


Defense Documentation Center 
Cameron Station 
Alexandria, Virginia 22314 


Library 
Naval Postgraduate School 
Monterey, California 93940 


Professor David A. Schrady . 
822 Casanova Avenue 
Monterey, California 93940 


Captain David A. Hastings 
7605 Range Road 
Alexandria, Virginia 


Commander James A. Gillespie, SC, USN 

Director, Operations Analysis Department (Code 97) 
Fleet Material Support Office 

Naval Supply Depot 

Mechanicsburg, Pennsylvania 17055 


Lieutenant Commander Richard DeWinter 
Navy Aviation Supply Office ; 
700 Robbins Avenue 

Philadelphia, Pennsylvania 19111 


Chief of Naval Operations (OP 96) 
Navy Department 
Wastumeton, D.C. 203550 


wa 


SZ 


Copies 


20 


UNCLASSIFIED 
Security Classification | | | —S 
DOCUMENT CONTROL DATA - R&D 


(Security claseification of title, body of abetract and indexing annotation muet be entered when the overall! report ie claseilied) 


1. ORIGINATING ACTIVITY (Cornporete author) Za. REPORT SECURITY CLASSIFICATION 
UNCLASSIFIED 


A CONSTRAINED PERIODIC REVIEW MODEL FOR A 
PROBABILISTIC REPARABLE-ITEM INVENTORY SYSTEM 










Naval Postgraduate School 
Monterey, California 93940 


3. REPORT TITLE 













4. DESCRIPTIVE NOTES (Type of report and inclueive dates) 


Master's Thesis 
5. AUTHOR(S) (Leet name, firet name, initial) 


Hastings, David A., Captain, United States Army 





6. REPORT DATE Ja. FOTAL NO. OF PAGES 
June, 1967 Sy) 5 


Ge. CONTRACT OR GRANT NO. | 9a. ORIGINATOR’'S REPORT NUMBER(S) 





| & PROJECT NO. 


9b. OTHER REPORT NO(S) (Any other numbers that may be eeeigned 
thie reper) 


11. SUPPL EMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY 
| Naval Postgraduate School 
Monterey, California 93940 


13. ABSTRACT 


A reparable-item inventory system has two sources of items to meet 
demands: from the procurement of new items, and from the repair of 
damaged or failed items. Further, the system contains two distinct 
inventories, one containing procured and repaired ready-for-issue items 
and the other containing those failed items awaiting repair. This thesis 
develops an approximate model of this general system assuming that the 
demand rate and return rate of failed items are probabilistic. A periodic 
review policy is assumed for procured items, and inductions of batches of 
failed items into repair are assumed to take place at regularly scheduled 
intervals of time. The model is structured as a single coordinated inventory 
System instead of two separate systems, one of procured items and one of 
repaired items. The optimal review period and "order up to'! level for 
procured items are determined, along with the optimal time between repair 
batch inductions. 
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